The concept of number

GOTTLOB FREGE

Each individual number is an independent object

55. Having recognized that a statement of number is an assertion about a
concept, we can attempt to supplement the leibnizian definitions of the
individual numbers by means of the definitions of 0 and of 1.

Right away we might say: the number 0 applies to a concept, if no
object falls under that concept. Here, however, ‘‘no’’ appears to have
been substituted for 0, with which it is synonymous. Therefore the fol-
lowing wording is preferable: the number 0 applies to a concept if, no
matter what a might be, the statement always holds that  does not fall
under this concept.

Similarly we could say: the number 1 applies to a concept F if it is not

the case that no matter what g is, @ does not fall under F, and if from the
statement

‘a falls under F’ and ‘b falls under F

it always follows that @ and b are the same,

We must still define in general the transition from one number to the
next, We will try the following formulation: the number (n+1) applies
to the concept F if there is an object a which falls under £ and such that

ts:hr;um'ber n applies to the concept ““falling under F but not [identical
ith} a.”

56. These definitions appear so natural, following our previous results,
that an explanation is called for to show why they cannot satisfy us.
The: last definition will most quickly arouse hesitation, for, strictly
speakmg., the sense of the expression ‘the number n applies to the con-
cept G’ is just as unknown to us as that of the expression ‘the number

(n+1) applies to the concept . To be sure, we can say by means of this
and the next-to-last definition what

‘the number 1 +1 applies to the concept F’
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means, and then, using this, indicate the sense of the expression
‘the number 1+1+1 applies to the concept F’, etc.

But, to give a crude example, we can never decide by means of our defini-
tions, whether the number Julius Caesar applies to a concept, whether
this well-known conqueror of Gaul is a number or not. Furthermore, we
cannot prove with the help of our attempted definitions that 2 must equal
b if a applies to the concept F and b applies to the same concept. The ex-
pression ‘the number which applies to the concept F* would, therefore,
not be justifiable, and it would consequently be completely impossible to
prove a numerical equality because we could never isolate a definite num-
ber. It is only apparent that we have defined O and 1; as a matter of fact,
we have only determined the sense of the expressions

‘the number 0 applies to’
and
‘the number 1 applies to’;

but it is not permissible to isolate in these 0 and 1 as independent, recog-
nizable objects.

57. Here is the place to examine somewhat more closely our statement
that a statement of number involves an assertion about a concept. In the
sentence ‘the number 0 applies to the concept F’, 0 is only a part of the
predicate, if we consider the concept F as the actual subject. Therefore 1
have avoided calling numbers like 0, 1, 2 properties of concepts. The indi-
vidual number appears as a separate independent object for the very
reason that it forms only a part of the assertion. I have already called
attention above to the fact that we say ‘the [number] 1’ and, by means of
the definite article, set up ! as an object.

This independence appears everywhere in arithmetic, e.g., in the equa-
tion ‘1 +] =2’ Since the important thing here is to grasp the concept of
number in such a way that it is useful for science, it needn’t disturb us
that in everyday usage the number appears attributively. This may
always be avoided. E.g., the sentence ‘Jupiter has four moons’ may be
rearranged to form ‘The number of Jupiter’s moons is four’. Here the
‘is’ is not to be considered merely a copula, as in the sentence ‘the sky is
blue’. This is shown by the fact that one can say ‘the number of Jupiter’s
moons is four’ or ‘is the number four’. Here “is’ has the sense of ‘is equal
to’, ‘is the same as’. We have, therefore, an equation which asserts that
the expression ‘the number of Jupiter’s moons’ denotes the same object
as the word ‘four’. And the form of the equation is the reigning one in
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arithmetic. The fact that nothing about Jupiter or about a moon is con-
tained in the word ‘four’ is no objection to this interpretation. Neither is
there anything in the name ‘Columbus’ to suggest discovery or America,
and nonetheless the same man is called both Columbus and the dis-
coverer of America.

58. One could object that we cannot at all represent' to ourselves the
object which we call four or the number of Jupiter’s moons as something
separate and indepenent. However, it is not the separateness which we
have given the number that is at fault. To be sure, one would like to
believe that in picturing the four spots of a die something appears which
corresponds to the word ‘four’ - but that is an illusion. Think of a green
meadow and see whether the picture changes when the indefinite article is
replaced by the number ‘one’. Nothing is added, but there is certainly
something in the picture corresponding to the word ‘green’.

if one pictures for himself the printed word ‘gold’, one will not at first
associate any number with it. Were one now to ask himself how many
letters the word has, the result would be the number 4; the picture, how-
ever, will be in no way more definite, but can remain wholly unchanged.
The added concept “letter of the word ‘gold’” is the very thing in which
we discover the number. In the case of the four spots of a die the situa-
tion is somewhat less obvious because the concept is forced upon us so
directly by the similarity of the spots that we hardly notice its intrusion.
The number can be pictured [translator’s italics] neither as a separate
object nor as a property of an outward thing, because it is neither some-
thing sensible nor the property of an outward thing. The situation is
probably most clear in the sense of the number 0. One will try in vain to
picture O visible stars. To be sure, one can think of the sky completely
covered up by clouds; but there is nothing in this picture which might
correspond to the word ‘star’ or to the 0. One is only imagining a situa-
tion in which one may conclude: now no star may be seen.

39. Perhaps each word awakens some sort of picture for us, even a word
like ‘only’. The picture, however, need not correspond to the content of
the word; it can be an entirely different one for different men. One will
then probably imagine a situation which evokes a sentence in which the
word occurs; or the spoken word might call forth the written word in
one’s memory.

This does not occur only in the case of particles. There can be no doubt
that we lack any idea [picture] of our distance from the sun. For, even if

*In the sense of ‘picture’.
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we know the rule about the number of times we must multiply a unit of
measure, nevertheless any attempt by this rule to sketch a picture which
even slightly approaches the one desired is doomed to fail. This is, how-
ever, no reason to doubt the correctness of the computation by which the
distance has been found, and it in no way hinders us in basing further
conclusions on this being the distance.

60. Even such a concrete thing as the earth we cannot picture in the way
that we have learned it actually to be, but rather we are satisfied with a
sphere of medium size, which serves us as a symbol for the earth, know-
ing nevertheless that the two are very different from one another. Now
although our picture often does not at all meet the requirements, still we
make judgments with great certainty about an object like the earth, even
where its size is concerned.

Thought often leads us far beyond the imaginable without thereby
depriving us of the basis for our conclusions. Even if, as it appears,
thought without mental pictures is impossible for us men, still their con-
nection with the object of thought can be wholly superficial, arbitrary,
and conventional.

The unimaginability of the content of a word is no reason, then, to
deny it any meaning or to exclude it from usage. That we are nevertheless
inclined to do so is probably owing to the fact that we consider words
individually and ask about their meaning [in isolation], for which we
then adopt a mental picture. Thus a word for which we are lacking a cor-
responding inner picture will seem to have no content. However, we must
always consider a complete sentence. Only in [the context of] the latter
do the words really have a meaning. The inner pictures which somehow
sway before us (in reading the sentence) need not correspond to the logi-
cal components of the judgment. It is enough if the sentence as a whole
has a sense; by means of this its parts also receive their content.

This observation seems to me to be useful in throwing light on several
difficult concepts, such as that of the infinitesimal,’ and its scope is prob-
ably not limited to mathematics.

The separateness [independence] which I require for the number is not
intended to mean that a number-word used outside of the context of a
sentence shall denote anything, but rather I want only to exclude its use
as a predicate or attribute, for such a use somewhat alters its meaning.

2What is in question here is defining the sense of an equation like
df (x)=g(x)dx
rather than finding an interval bounded by two distinct points and of length dx.
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61. But, one might object, even if the earth is really unimaginable, still it
is an external thing having a definite place. Where, however, is the num-
ber 47 It is neither outside of us nor inside of us. Taken in spatial terms,
this is correct. A determination of the place of the number 4 makes no
sense. But, from this it follows only that the number 4 is not a spatial
object, not that it is no object at all. Not every object is somewhere. Even
our mental pictures® are in this sense not in us (subcutaneously). In us
there are ganglia cells, blood particles, etc., but no mental pictures. Spa-
tial predicates are not applicable to them: the one is neither right nor left
of the other. Mental pictures have no distances between them which may
be stated in millimeters. When nevertheless we refer to them as in us, we
mean that they are subjective.

Even if the subjective has no spatial location, however, how is it pos-
sible for the number 4, which is objective, to be nowhere? Now I main-
tain that there is no contradiction here. The number 4 is, as a matter of
fact, exactly the same for everyone who works with it; but this has nothing
to do with spatiality. Not every objective object has a place.

In order to obtain concept of number, one must
determine the sense of a numerical equation

62. How shall we have a number, then, if we can have no idea or picture
of it? Only in the context of a sentence do words have meaning. We
must, therefore, define the sense of a sentence in which a number-word
occurs. This seems at first to leave a lot of latitude, but we have already
determined that number-words are to be understood as standing for
independent objects. This already specifies a class of sentences which
must have a sense, the class of those sentences which express the recog-
nition [of a number as the same number]. If for us the symbol a is to
denote an object, then we must have a criterion which determines in
every case whether b is the same as a, even if it is not always within our
power to apply this criterion. In our present case, we must explain the
sense of the statement:

‘the number which applies to the concept F is the same number as
that which applies to the concept GG’,

i.?., we must reproduce the content of this statement in another way
without using the expression

‘the number which applies to the concept F°.
In doing this, we give a general criterion for the equality of numbers.
3This word is understood purely psychologically, not psychophysically.
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Once we have obtained such a means of grasping a definite number and
recognizing it as such, we can assign it a number-word as its proper name.

63. Hume (Baumann 1868-9, 2: 565) has already mentioned such a
means: ‘‘If two numbers are so combined that the one always has a unit
which corresponds to each unit of the other, then we claim they are
equal.”’ In more recent times, the opinion seems to have found much
sympathy among mathematicians, that the equality of numbers must be
defined in terms of a one-to-one correspondence. Immediately, however,
there arise certain logical hesitations and difficulties, which we must not
pass by without examination.

The relationship of equality does not hold only among numbers. It
seems to follow from this that the relationship should be defined espe-
cially for numbers. One would think it possible to derive a criterion of
when numbers are identical with one another from a previously deter-
mined concept of identity together with the concept of number, without
its being necessary, for this purpose, to define a special concept of
numerical identity.

Contrary to this, it should be noted that, for us, the concept of number
has not yet been defined, but rather is to be determined by means of our
definition of numerical identity. We intend to reconstruct the content of
judgments interpretable as expressing identities each side of which is a
number. We do not, therefore, want to define equality especially for this
instance, but we wish rather, by means of the already familiar concept of
equality, to determine that which is to be considered equal. This seems
indeed to be a very unusual type of definition, which has probably not
yet received sufficient attention from the logicians. Nevertheless, that it
is not entirely unheard of may be shown by a few examples:

64. The judgment: ‘the [straight] line a is parallel to the [straight] line &°,
or, symbolically:

a”b,

can be interpreted as an equation. If we do this, we obtain the concept of
direction and say: ‘the direction of line a is the same as the direction of
line &°. Hence, we replace the symbol ‘||’ by the more general ‘=’, by
distributing the particular content of the former to @ and b. We split up
the content in some way other than the original way and thus obtain a
new concept. Often the situation is interpreted conversely, anc} several
teachers define: parallel lines are those having the same direction. The
theorem *“if two straight lines are parallel to a third, then they are paral-
lel to one another’’ can then be very easily proved on the basis of the
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similarly worded equality theorem. Unfortunately, this method reverses
the natural order of things. For everything geometric must indeed be
intuitive, at least originally. Now I ask whether anyone has ever had an
intuition of the direction of a straight line? Of the straight line, yes, but
can one also distinguish intuitively this line from its direction? Rather
difficult! This concept is found only by means of a mental activity con-
nected with intuition. On the other hand, one has a picture of parallel
lines. That proof comes about only through a trick in which what is to be
proved is covertly presupposed in the use of the word ‘direction’; for,
were the statement: ‘if two straight lines are parallel to a third, then they
are paral!el to one another’ false, then one could not change ‘a|| b’ into
an equation.

Thus one can obtain from the parallelism of planes a concept which
corresponds to that of direction among straight lines. I have seen the
name ‘orientation’ used for this concept. From geometric similarity there
a_rls.es the concept of shape, so that, e.g., instead of ‘the two triangles are
similar’, one says: ‘the two triangles have the same shape’ or ‘the shape
of the one triangle is equal to the shape of the other.’ Similarly one can
also obtain from the collinear relationship of geometric figures a concept
for which a name is probably still lacking.

6:5. pr, in order to move, e.g., from parallelism* to the concept of
direction, let us try the following definition: the sentence

‘line a is parallel to line b’

is to be synonymous with
‘the direction of line a is the same as the direction of line b'.

T:m’ definition departs from common practice insofar as it apparently
f!efx'nes the aiready familiar relation of equality, while it should in actual-
gty 'mtroduce the expression ‘the direction of line a’, which occurs only
incidentally. From this there arises a second hesitation; viz., whether,
t!lrough. such a stipulation, we could not become involved in contradic-
tions with the familiar laws of equality. What are these? They will be

developed as analytic truths from the concept itself. Now, Leibniz
defines:* ’

4
“ In oIrcsl:;:: }t::r:l::; to c:l(lp?:ss m%hmlf more comfortably and to be more easily under-
°°.d’ parallelism. The essential s of th i i asily
carried over to the case of numerical equality. part these discussions are very &

Non inelegans specimen demonstrandi in abstractis (Erdmann 1840: 94),
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‘“‘Eadem sunt, quorum unum potest substitui alteri salva veritate.”’
[¢“Things are equal which may be substituted for one another with-
out change of truth {value].’’]

I will adopt this definition. Whether, like Leibniz, one says ‘the same’
or ‘equal’, is of little import. ‘The same’ does seem to express complete
agreement, ‘equal’ only agreement in this respect or that. One can, how-
ever, assume a manner of speaking in which this difference is eliminated,
e.g., by saying instead of ‘the lines are equal in length’ that ‘the length of
the lines is equal’ or ‘the same’; instead of saying ‘the surfaces are equal
in color’ one might say ‘the color of the surfaces is equal [identical]’.

And this is the way we used the word in the foregoing examples. In
fact, all the laws of equality are contained in the principle of universal
substitutivity.

In order to justify our proposed definition of the direction of a straight
line, we would have to show, then, that

‘the direction of a’
can be everywhere replaced by
‘the direction of b’,

if line @ is parallel to line b. This is simplified by the fact that, at first, we
know no assertion about the direction of a straight line other than its
agreement with the direction of another straight line. We would therefore
need to demonstrate only the substitutivity in such an equation or in con-
texts which would contain such equations as component parts.® All other
statements about directions would have to be defined first, and for these
definitions we can adopt the rule that the substitutivity of the direction of
a straight line for that of one parallel to it must be preserved.

66. Still a third hesitation arises, however, concerning our proposed defi-
nition. In the sentence
‘the direction of a is equal to the direction of &’,

the direction of a appears as an object,” and we have in our definition a
means of recognizing this object, should it appear in some other guise,

SFor example, in a hypothetical judgment an equality of directions could occur either as
antecedent or as consequent. ) ) ) )

"The definite article points to this. A concept is for me a possible predicate in a singular
thought content, an object a possible subject of the latter. [Although the tern:nnology of
“thought contents’’ has been adopted, Frege must not be takcn. to mean ar!ythmg psycho-
logical by ‘thought’. For Frege a ‘‘thought content”’ is what is asser.ted in a statement,
asked in a question, etc....] If, in the sentence ‘the direction of the axis of the tele’:scope is
equal to the direction of the earth’s axis’, we consider the direction of the telescope’s axis to
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such as the direction of b. However, this method is not sufficient for all
cases. One cannot use it to decide whether England is the same as the
direction of the earth’s axis. Please excuse this apparently nonsensical
example! Naturally, no one is going to confuse England with the direc-
tion of the earth’s axis: but this is not owing to our definition. The latter
says nothing about whether the statement

‘the direction of a is equal to q’

i§ to be affirmed or denied, if g itself is not given in the form ‘the direc-
tion of &’, We lack the concept of direction; for, if we had this, then we
cou!d stipulate that, if ¢ is not a direction, then our statement is to be
denied; if gis a direction, then the earlier definition decides. It is now but
a step away to define:

q is a direction if there is a straight line b whose direction is g.

However, it is clear that we have now come around in a circle. In order to

apply this definition, we would first have to know in each case whether
the statement

‘q is equal to the direction of &’

was to be affirmed or denied.

67. 1f We were 10 say: q is a direction if it is introduced by means of the
for.egomg d.efmitions, then we would be treating the manner by which the
object 4 1s introduced as a property of it, which it is not. The definition
olf an object, as fuch, really says nothing about that object; rather it stip-
; ates the meaning of a symbol. Once that has happened, the definition
decomes & judgment which treats of the object: it now no longer intro-
nuc_;; ::l;‘eo objc:c;:l but stands on equal footing with other statements about
in.one waosc: ; 's way osn l.s to presuppose that an object could be given
introduccg gn y; otherwise it wou!q not follow from the fact that g is not
The uced yfmeans of our definition that it could not be so introduced.
] wx:o sl? a:gy equation .would then be that what is given us in the
o :nd ou fbe- recognized as.the same. But this principle is so
7 s an fso unfruitful th.at there is little to be gained by stating it. As
b act, no conclysnon could be drawn from it which would not

€ same as some premise. The many-sided and broad applicability of

e L
e‘(}uatl;:ns is b.as-ed fathe'r on the fact that something is recognizable again
en though it is given in a different way.

be th j icate i< ¢
¢ subject, then the predicate is equal 1o the direction of the earth’s axis’. This is @

concept. But the direction of th, ’s axis i i
an object, since it can aiso be t;::: ?h: :ﬁlgjl:c?my a part of the predicate; the direction is
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68. Since this method fails to yield a sharply delimited concept of direc-
tion and, for the same reason, would yield no such concept of number,
let us try a different tack. If line a is parallel to line b, then the extension
of the concept ‘‘line parallel to line @’ is the same as the extension of the
concept “‘line parallel to line &°’; and conversely: if the extensions of the
aforementioned concepts are equal, then a is parallel to . Let us try,
then, to define:

the direction of line a is the extension of the concept ‘‘parallel to
line a”’

the shape of triangle d is the extension of the concept *‘similar to tri-
angle 4.”’

If we want to apply this to our case, then we must substitute concepts
for the lines or the triangles and, for parallelism or similarity, the pos-
sibility of correlating in one-to-one fashion the objects falling under the
one concept with those falling under the other. As an abbreviation, I will
call the concept F equinumerous® with the concept G, if this possibility
exists; I must, however, request that this word be considered an arbi-
trarily chosen notational device whose meaning is not to be taken from
its linguistic composition, but rather from the foregoing definition.

I define accordingly:

the number which applies to the concept F is the extension’ of the
concept ‘“‘equinumerous with the concept F.”

69. That this definition is correct will, at first perhaps, not be so clear.
Don’t we mean something other than [different from] a number by the
extension of a concept? What we do mean becomes clear from the basic
statements that can be made about extensions of concepts. They are the
following;:

}{Frege coined ‘gleichzaihlig’ for this. In his translation, J. L. Austin (Frege 1959) uses
‘equal’ and adds the following footnote: **Gleichzéhlig - an invented word, literally ‘identi-
Rumerate’ or ‘tautarithmic’; but these are too clumsy for constant use. Other lransl‘aFor-s
have used ‘equinumerous’; ‘equinumerate’ would be better. Later \‘vn,t‘ers have used ‘simi-
lar’ in this connection (but as a predicate of ‘class’ not of ‘concept ). - Tr.] .

I think we could say for ‘extension of the concept’ simply ‘concept’. However, there
might be two objections: o )

L. This standsjin contradiction to my earlier assertioq that the }nngl'dua‘l‘ nun21t§rb 1s[§n
object, the latter being indicated by the use of the article in expressions like ”ﬁe ,h y the
impossibility of speaking about ones, twos, etc. in the plural, and by the fact that the num-
b"; makes up only a part of the predicate of 2 ls‘tatemept 9df‘ n:mbcr-

. Concepts can have the same extension without coinciding. i .

Now | an-ln) of the opinion that both these objections can be met, but doing thlstw.ould lead

us too far astray. | presuppose that one knows what the extension of a concept is.
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1. that they are equal,
2. that the one encompasses more than the other.

Now the statement

the extension of the concept ‘““‘equinumerous with the concept F” is

the same as the extension of the concept “equinumerous with the
concept G’

is true if and only if the statement

‘the same number applies to the concept F as to the concept G’

is also true. Hence, there is complete agreement here.

To be .sure, one does not say that one number encompasses more than
another in the same sense that the extension of one concept encompasses
more than does another; however, so is it impossible that

the extension of the concept ‘‘equinumerous with the concept F”’

should encompass more than

the extension of the concept ‘‘equinumerous with the concept G*’

Rather, if a!l concepts which are equinumerous with G are also equi-
numerous with F, then conversely, all concepts which are equinumerous
\\}lllth lF are also equinumerous with G. This term ‘more encompassing’
: n?:nc; 1;1::[;1 gircsc.)urse, be confused with the term ‘greater’, which occurs

Certainly,‘it is also imaginable that the extension of the concept *‘equi-
numerious with the concept £’ might encompass more or less than the
:men:;l on of another concept; the latter, then, could not be & number
r:cor mlg to our deﬁnh'non. Furthermore, it is not usual to call a number
th(e):e or less encompassing than the extension of a concept. Nonetheless,

¢ is nothing in the way of so speaking should the occasion arise.

Completion and confirmation of our definition

;(;;i Iﬁeﬁnxluo.ns are cor-lfirmed by their fruitfulness. Those definitions
ch cou d just as easily be left out without invalidating proofs should
be discarded as wholly worthless. °P
carl:%e ucsiesreis, (;h;m, whether some of the familiar properties of numbers
e ed from our fieﬁnmon of the number which applies to the
;1;:(:’];;2 fr. tWZ wxllll. bc? s.atlsfied here by the most simple properties.

menor fo o this, it 1S necessary to specify somewhat more exactly the

g Of equinumerosity. We defined it in terms of one-to-one corre-
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lation; just how I want to understand this expression must now be
explained, since one might easily suspect a connection with intuition.

Let us consider the following example: If a waiter wants to be sure that
he is placing just as many knives as plates on the table, he need count
neither of them if he places a knife immediately to the right of each plate
so that each knife on the table is located to the immediate right of a plate.
The plates and knives are thus correlated in one-to-one fashion with one
another, in this case through the same positional relationship. If, in the
sentence

‘a lies immediately to the right of A’

we imagine all sorts of objects substituted for « and A, then the part of
the content which remains unchanged through all this forms the essence
of the relation. Let us generalize this:

When, from a thought content which concerns an object @ and an
object b, we remove a and b, we retain the concept of a relation, which,
accordingly, requires supplementation in two places. If, in the statement

‘the earth has more mass than the moon’,

we remove ‘‘the earth,’’ then we obtain the concept “‘having more mass
than the moon.”’ If, on the other hand, we remove the object, ‘“‘the
moon,”’ we gain the concept ‘‘having less mass than the earth.’”’ Remov-
ing both at once leaves a relational concept, which has in itself no more
meaning than a simple concept, and which must be supplemented to
become a thought content. But this supplementation can come about in
various ways: instead of the earth and moon, I can take, e.g., the sun and
earth, thus also effecting a removal of the earth and moon [and disclos-
ing the relational nature of the concept].

The individual pairs of associated objects are related - one might say
as subjects - to the relational concept in a manner similar to that of the
individual object and the concept under which it falls. The subject here is
a composite. At times, when the relation is a reversible one [symmetric in
two argument places], this is also expressed linguistically, as in the sen-
tence ‘Peleus and Thetis were the parents of Achilles’."

On the other hand, it would not be possible to reformulate the state-
ment ‘the earth is greater than the moon’ so as to make ‘the earth and the
moon’ appear as a compound subject, because the ‘and’ always indicates
a certain equality of rank. This, however, does not affect the matter at
hand.

The concept of relation, like the simple concept, belongs, then, to pure

10D not confuse this with the case where the ‘and’ only seemingly connects the subjects,

but in reality, however, connects two seniences.
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logic. The particular content of the relation does not concern us here, but
only its logical form. And [the truth of} whatever can be asserted about
this form is analytic and is known a priori. This holds for the relational
concepts as well as for the others.

Just as

‘a falls under the concept F’

is the general form of a thought content concerning the object a, so can

‘e stands in the relation dtod’

be taken as the general form of a thought content concerning objects a
and b.

7.1. Now if each object which falls under the concept F stands in the rela-
tlop ¢ to an object falling under the concept G, and if, for each object
which falls under G, there is an object falling under F which stands in the

relation ¢ to it, then the objects falling under Fand G are correlated with
one another by means of the relation ¢,

We may still ask what the expression

‘each object which falls under F'stands in the relation ¢ to an object
falling under G’
means,

if no object at all falls under F . By this I mean that the two state-
ments

‘a falls under F*
and

'@ does not stand in the relation ¢ 10 any object falling under G

cannot stand together, no matter what g denotes, so that either the first

g;jt:: ;:cl:lo_nd or both are fafse. From this it follows that if there is no

the relat; ng under F, then ‘each object which falls under F stands in

¢ refation ¢ to an object falling under G,” because the first statement
‘a falls under F’

‘for each object which falls under g

F which stands in » there is an object falling under

the relation ¢ to it’
means that the two Statements
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‘a falls under G’

and

‘no object falling under F stands in the relation ¢ to @’

cannot stand together, whatever @ may be.

72. We have now seen when the objects falling under t}Te concepts Fand
G are correlated with one another by means of the relation ¢. This c?rre-
lation is here supposed to be one-to-one. By that I mean that the follow-
ing two statements must hold:

1. If d stands in the relation ¢ to a, and if d stand§ in the reilatlon qz
to e, then, no matter what d, 4, and e may be, ais always the sam

as e. . ‘ .
2. If dstands in the relation ¢ to a, and if b stands in the relation ¢ to

a, then, whatever d, b, and a may be, d is always the same as b.

By these statements we have reduced one-.to-one ‘co.r‘relartlons to purely
logical terms and can now offer the following definition:

the expression ,
‘the concept F is equinumerous with the concept G

is to be synonymous with the expression _—
‘there is a relation ¢ which correlates in pne-to;jonect:as ion
objects falling under F with the objects falling under G’.

I [now] repeat [our original definition]:
i i f the
the number which applies to the concept F is the extension o
concept *‘equinumerous with the concept F,

and add to it:

the expression:
‘n is a number’

is to be synonymous with the expression .
‘there is a concept to which the number n applies’.

itself,
Thus the concept of number is defined, apparently :‘y}?l:anfi ;ft‘ct)silhe
nevertheless without fallacy, because ‘the number which app

concept F~ has already been defined.
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73. We want to show next, then, that the number which applies to the
concept F'is equal to the number which applies to the concept G, if the
concept F is equinumerous with the concept G. This sounds like a tautol-
ogy, but it is not, since the meaning of the word ‘equinumerous’ does not
follow from its (linguistic) composition, but rather from the foregoing
definition.

According to our definition, we must show that the extension of the
concept ‘‘equinumerous with the concept F’ is the same as that of the
concept ‘‘equinumerous with the concept of G,"’ if the concept F is equi-
numerou.s with the concept G. In other words, it must be shown that,
under this hypothesis, the following statements always hold:

if t.he concept H is equinumerous with the concept F, then it is also
équinumerous with the concept G’;

and

o . .
if t!le concept H 1S €quinumerous with the concept G, then it is also
€quinumerous with the concept F’.

;g}tl:sliisgr?z-?;.;he fflrst statement .is that there is a relation which corre-
those falling undr:: t:Shlon the ObJ.CCtS fal!ing under the concept  with
one-to-one the ob; € concept G, if there is a relation ¢ which correlates
under the conce tJ(;CtS (fja.“mg under the concept F with those falling
one the ob] l; 7, and if there is a relation y which correlates one-to-

Jects falling under the concept H with those falling under the

concept F. The followi ) X
to see ng arrangement of the letters will make this easier

HYF$G.

Such i ; \
eop. TC1ation can in fact be given: it is {that} part of the thought

content:

“there is an obi .
| Ject to which ¢ s i . \
stands in the relation ¢ 10 5" tands in the relation ¢ and which

his relation is one-to-one and that it

correlate 3 .
s the objects falling under the concept H with those falling

under the concept G.

In a simi
a similar manner, the other theorem ca

fully, these outlines will suffi n also be proved.'' Hope-

ce to demonstrate that we need not borrow
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here any evidence from intuition, and that something may be done with
our definitions.

74. We can now go on to the definitions of the individual numbers.
Because nothing falls under the concept ‘‘unequal to itself,”” 1 define:

0 is the number which applies to the concept ‘‘unequal to itself.”’

Perhaps someone will take exception to my speaking about a concept
here. He will perhaps object that a contradiction is contained therein and
will recall the old stand-bys, wooden iron and the square circle. To my
mind, these are not at all as bad as they are made out to be. Of course,
they are not exactly useful, but they can’t do any harm, either, as long as
one doesn’t require that something fall under them; and that one does
not yet do through the mere usage of the concepts. That a concept con-
tains a contradiction is not always obvious without some examination;
but to do that, one must have [the concept] and treat it logically just like
any other. All that can be demanded of a concept from the point of view
of logic and for rigor in proof procedure is its precise delineation; that,
for each object, it be determined whether or not it falls under the con-
cept. This requirement is fully satisfied, then, by concepts containing a
contradiction, such as “‘unequal to itself,”” for it is known of every object
that it does not fall under such a concept.'

I use the word ‘concept’ in such a way that

‘a falls under the concept F’
is the general form of a thought content, which concerns an object @ and
which remains decidable, whatever one may put for a. And in this sense,
‘a falls under the concept “unequal to itself””’
is synonymous with
‘a is unequal to itsell”
or

‘a is unequal to a’.
In defining 0, I could have taken any other concept under which nothing

2Completely different from this is the definition of an object in terms of a concept under
which it falls. The expression ‘the greatest proper fraction’ has, for example, no content,
because the definite article carries with it the requirement that it refer to a definite object.
On the other hand, the concept, *‘fraction which is less than 1 and haﬁ lh‘e property that no
fraction which is less than 1 exceeds it in magnitude,” is wholly unobjectionable. In fact, in
order to prove that there is no such fraction, one even needs this concept, even though it

contains a contradiction.
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falls. It was up to me, however, to choose one of which this could be
purely logically proved, and for this purpose ‘‘unequal to itself’’ pre-
senFed itself most comfortably, whereby I let the previously presented
definition of Leibniz hold, which is also purely logical.

75.. We must now be able to prove, by means of what has already been
said, that every concept under which nothing falls is equinumerous with
any other concept under which nothing falls, and only with such a con-
cept; from which it follows that 0 is the number which applies to such a
concept and that no object falls under a concept if the number which
applies to that concept is 0.

If we assume that no object falls either under the concept F or under
the concept G, then, in order to prove that they are equinumerous, we
need a relation ¢ about which the following statements hold: ,

‘elallf:h object which falls under F stands in the relation ¢ to an object
;vnl_ch falls under q; for each object which falls under G there is one
alling under F which stands in the relation ¢ to it’.

Sio/j:;:cordmg to v.vhat was said earlier about the meaning of these expres-
o , eve;y relatlgn f}]lﬁlls these conditions under our hypotheses; hence

equality, w.hlch 1S, moreover, one-to-one. For, both the foregoing
statements required of it hold.

If, on the other hand a j
’ » an object falls under G, e
falls under F, then the two statements ' 8 @ whereas none

‘a falls under G*
and

‘no object falling under F stands in the relation ¢ 0 @'

hold for every relati
' on ¢; for, the first h i
assumption, and the second, accor e e 0. Thar s o e

’ ding to the second. That s, if there is
ére is also none which would stand in
S, therefore, no relation which would,

: » correlate the objects falling under F with
» accordingly, the concepts F and G are not equi-

the serie
s of natural numbers stand to one another. The statement

‘there is a .
number wl::i(c);c:pt 1F and an object x falling under it such that the
PPIes o the concept F is n, ang that the number
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which applies to the concept ‘falling under F but not identical with
x’is m’,

is to be synonymous with
‘n immediately follows m in the series of natural numbers’.

I am avoiding the expression ‘n is the number immediately following
m’, because two theorems would first have to be proved in order to
justify the use of the definite article.” For the same reason, I am not yet
saying here ‘n=m+1’; for, by means of the equals sign, (m+1) is also
designated as an object.

77. Now in order to arrive at the number 1, we must first show, that there
is something which immediately follows 0 in the series of natural numbers.

Let us consider the concept - or, if you prefer - the predicate ‘equal to
0’. 0 falls under this. On the other hand, no object falls under the con-
cept ‘‘equal to 0 but not equal to 0, so that 0 is the number which
applies to this concept. We have therefore, a concept ‘‘equal to 0’ and
an object 0 falling under it, for which it holds that:

the number which applies to the concept ‘‘equal to 0’ is equal to the
number which applies to the concept ‘‘equal to 0”’;

the number which applies to the concept ‘‘equal to 0 but not equal to
0’ is 0.

Therefore, according to our definition, the number which applies to
the concept ‘“‘equal to 0" follows immediately after O in the series of
natural numbers.

If we define, then,

1 is the number which applies to the concept ‘‘equal to 0,”’

then we can express the last statement so:
1 immediately follows 0 in the series of natural numbers.

Perhaps it is not superfluous to note that the definition of 1 does not
presuppose any observed fact'* for its objective legitimacy, for one can
easily be confused by the fact that certain subjective conditions must be
fulfilled in order to enable us to give the definition, and that sense
impressions cause us to do so (cf. Erdmann 1877: 164). This can, never-
theless, be the case without the derived theorems ceasing to be a priori.
To such conditions belongs the requirement, for example, that blood

BSee footnote 12.
‘A proposition that is not general.
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flow through the brain in sufficient quantity and of the right concentra-
tion - at least as far as we know; however, the truth of our last proposi-
tion is independent of that; it continues to hold even if this flow no
longer takes place. And even if all reasonable creatures should at some
time simultaneously slip into hibernation, the truth of the statement
would not, as it were, be suspended for the duration of this sleep, but
would remain undisturbed. The truth of a statement is not its being
thought.

78. 1 list here several theorems to be proved by means of our definitions.
The reader will easily see how this may be done.

. If aimmediately follows 0 in the series of natural numbers, then
a=1.

II. If 1 is the number which applies to a concept, then there is an
object which falls under that concept.

HI. If 1 is the number which applies to a concept F; if the object x
falls upder the concept F, and if y falls under the concept F, then
X=J; l.e., x is the same as y.

IV. If an object falls under a concept F and if, from the fact that x
falls under the concept F and that y falls under the concept F, it
may always be inferred that x=y, then 1 is the number which
applies to the concept F,

V. The relation that m bears to n, if and only if

€6, H H H
nimmediately follows m in the series of natural numbers”’,
is a one-one relation.

Thus far it has not yet been said that for every number there is another

which immediately follows it or is immedia ! ; ,
of natural numbers. tely followed by it in the series

VI. Every pumber except 0 immediately follows another number in
the series of natural numbers,

79. Now in order to be abl

of natural numbers is imm
up with a

¢ to prove that every number () in the series
. ! edlfitely followed by a number, one must come
oncept to which this latter number applies. We choose for this:

‘‘belonging to the series

but we must first define it.

To begin with I shall re eat, i i i
o oo W " Beg”:ffsp » In somewhat different words, the defini-

schrift of following in a series:

of natural numbers ending with n,”’
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The statement

‘if every object to which x stands in the relation ¢ falls under the
concept F, and if, from the fact that ¢ falls under the concept F, it
always follows, no matter what d may be, that every object to which
d stands in the relation ¢ falls under the concept F, then y falls under
the concept F, no matter what concept F might be’,

is to be synonymous with

‘y follows x in the ¢-series’
and with

‘x precedes y in the ¢-series’.

80. Several remarks concerning this definition will not be superfluous
here. Since the relation ¢ is left indeterminate, the series is not necessarily
to be thought of in the form of a spatial or temporal arrangement,
although these cases are not excluded.

Some other definition might be considered more natural, e.g., if, in
proceeding from x, we always turn our attention from one object to
another, to which it stands in the relation ¢, and if, in this way, we can
finally reach y, then we say that y follows x in the ¢-series.

This is a way of looking at the matter, not a definition. Whether.we
reach y in the wanderings of our attention can depend on many subjec-
tive incidental circumstances; e.g., on the time we have available or on
our knowledge of the things. Whether y follows x in the ¢-seﬁes has, in
general, nothing at all to do with our attention and the conditions of its
progress, but rather it is a matter of objective fact: just as a green leaf
reflects certain light rays whether or not they should meet my eye and
summon up a sensation; just as a grain of salt is soluble in water whet}}er
or not I put it in water and observe the process; and just' as it remains
soluble even if it is not possible for me to experiment on it.

By means of my definition, the matter is elevated from the realm of the
subjectively possible to that of the objectively definite. Inc{eed, the ff:lct
that from certain statements another statement follows is something
objective, something independent of whatever laws may govern the wan-
derings of our attention; and it makes no difference whether we really
make the inference or not. Here we have a criterion which d.ec1des the
question, wherever it can be asked, even though we might be hl_nc'iered by
external difficulties from judging in individual cases whether it is appli-
cable. That makes no difference to the issue itself.

We need not always run through all the intermediate members, from
the initial member up to an object, in order to be sure that the latter

149



GOTTLOB FREGE

follows the former. If, e.g., it is given that, in the ¢-series, b follows a
and c follows b, then we can conclude on the basis of our definition that
¢ follows a, without even knowing the intermediate members.

Only by means of this definition of following in a series does it become
possible to reduce the rule of inference from n to (7+1), which appar-
ently is peculiar to mathematics, to general logical laws.

81. Now if we have as our relation ¢ the one in which m is related to n by
the statement

‘n immediately follows m in the series of natural numbers’,
then we say instead of “¢-series’, ‘series of natural numbers’.
I define further:
the statement
‘y follows x in the ¢-series or y is the same as x’,
is to be synonymous with
‘y belongs to the ¢-series starting with x’
and with
‘x belongs to the ¢-series ending with y’.
According to this, a belongs to the series of natural numbers ending

with n if n either follows & in the series of natural numbers or is equat
to a."

82. We must now show that, under a condition still to be stated, the num-
ber which applies to the concept

“‘belonging to the series of natural numbers ending with n*’

immediately follows # in the series of natural numbers. Having this
result, we will have proved that there is 8 number which immediately fol-
lows 7 in the series of natural numbers; i.e., that there is no last member
of this series. Obviously, this statement cannot be established empirically
or by means of induction.

It would take us too far afield to give the proof itself. We can only give
a brief sketch of it here. We must prove:

1. Ifa immediately follows d in the series of natural numbers, and if
the number which applies to the concept

‘6 . .
““belonging to the series of natural numbers ending with d”’

¥ nisnot a number, then only 7 itse

: If belongs i i
with 7. One should nog object 10 this e 85 10 the series of natural numbers ending

pression.
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immediately follows d in the series of natural numbers, then th
number which applies to the concept

““belonging to the series of natural numbers ending with a”’

immediately follows a in the series of natural numbers.

2. We must prove that what has been asserted about d and a in the
foregoing statements holds for 0, and then show that it also hold:s
for n, if n belongs to the series of natural numbers beginning with
0. This will result from an application of my definition of

‘y follows x in the series of natural numbers’,

taking as the concept Fthe relation asserted above to hold between
d and a, and substituting 0 and n for d and a.

83. In order to prove Theorem 1 of the last paragraph, we must show
that a is the number which applies to the concept ‘‘belonging to the series
of natural numbers ending with a, but not equal to a.”” And to this end,
we must prove that this concept has the same extension as the concept
““belonging to the series of natural numbers ending with d.”” For this, we
need the theorem that no object which belongs to the series of natural
numbers beginning with 0 can follow itself in the series of natural num-
bers. The latter must likewise be proved by means of our definition of
following in a series, as it is outlined above. !¢

For this reason, we must add the condition that n belong to the series
of natural numbers beginning with 0 to the statement that the number
which applies to the concept

“*belonging to the series of natural numbers ending with n,"’

immediately follows  in the series of natural numbers. There is a shorter
way of putting this, which [ shall now define:
the statement
‘n belongs to the series of natural numbers beginning with 0’
is to be synonymous with
‘nis a finite number’.
We can now express the last theorem thus: no finite number follows
itself in the series of natural numbers.

1°E, Schroder (1873: 63) seems to look upon this theorem as the consequence of an
ambiguous terminology. The difficulty which infects his whole.presentanon of _the matter
€merges here too; i.e., it is never quite clear whether the number is a symbol and, if 50, what
its meaning is, or whether it is this very meaning. From the fact that one sets up different
symbols, so that the same one never recurs, it does not follow that these symbols mean
different things.
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Infinite numbers

84. In contrast to the finite numbers there are the infinite ones. The
number which applies to the concept ‘‘finite number®’ is an infinite one.
Let us denote it, say, by Ro."” Were it a finite number, it could not follow
itself in the series of natural numbers. One can show, however, that &
does just this.

There is nothing somehow mysterious or marvellous about the infinite
pumber Ry when so defined. “The number which applies to the concept F
is Ry’ says nothing more nor less than: there is a relation which estab-
lishes a one-to-one correlation between the objects falling under the con-
cept F and the finite numbers. This has, according to our definitions, a
completely clear and unambiguous sense, and that suffices to justify the
use of thc? symbol R, and to guarantee it a meaning. That we can form no
mental picture of an infinite number js wholly irrelevant and would hold
true of finite numbers as well. In this way, our number R is something
Just as determinate as any finite number: it can be recognized without a
doubt as the same and differentiated from any other.

zf,}tl:enc:;ﬁ’r In & noteworthy paper (1883b), G. Cantor introduced in-
which would h. agrele with hlm completely in his evaluation of the view
nor the fractioive only thF finite numbers qualify as real. Neither these
tive, irrationa] § a(;e sensibly perceptible and spatial, nor are the nega-
whi;:h affects ;han complex numbers. And if one calls real [only] that
immediate or disf Senses, or at least can have sense impressions as an
is real. B anE consequence, then certainly none of these numbers
Ut we don’t need such sense impressions as evidence for our
me or a symbol, which is introduced in a logically un-
tions, and thug zz'r l:::);lbb:ru;ed.by us without hesitation in our investiga-
Although I believe [ ggee )s just as firmly grounded as 2 or 3.
deviate from him in gree with Cantor in this matter, 1 do, however,
his concept'® of erm.l nology. He calls my numbers ‘powers’, whereas
Ot number is based on order ing. To be sure, finite numbers
. Ot order; however, this does not hold for in-
question ‘how many?” co;l:agjmsuc usage of the word ‘number’ and of the
number answers rather the questios < - 0" °f & definite order. Cantor’s
member of th e,ques"Oni the last member is the how-manyth
€ sequence?’ Therefore my terminology seems to me to

1
[Frege used ‘o, ", byt
current practice, . 'I"r.l Wwe adopt the aleph notation as being more in keeping with

.. This expression ma al .
tivity of concepts; ho“.,y,,: Pear o contradict {my earlier remarks emphasizing} the objec-

» only the terminology s subjective here.

152

The concept of number

agree better with linguistic usage. If one extends the meaning of a word,
then one must take care that as many general statements as possible
retain their validity, and particularly statements as basic as, for instance,
[the one asserting] for numbers their independence of the sequence. We
have needed no extension at all, because our concept of number immedi-
ately embraces infinite numbers as well.

86. In order to obtain his infinite numbers, Cantor introduces the rela-
tional concept of following in a sequence, which differs from my *‘fol-
lowing in a series.”” According to him, for instance, a sequence would
result if one were so to order the finite positive whole numbers that the
odd numbers followed one another in their own natural order, and simi-
larly the even numbers in theirs, and it were further stipulated that all the
even numbers should come after all the odd numbers. In this sequence,
e.g., 0 would follow 13. There would, however, be no number immedi-
ately preceding 0. Now this case cannot occur within my definition of
following in a series. It may be strictly proved, without using intuition,
that, if y follows x in the ¢-series, there is an object which immediately
precedes y in this series. It seems to me, then, that exact definitions of
following in a sequence and of number [in Cantor’s sense] are still lack-
ing. Thus Cantor bases himself on a somewhat mysterious ‘“inner intui-
tion”> where a proof from definitions should be striven for and would
probably be found. For I think I can foresee how those concepts could be
defined. In any case, I in no way wish these comments to be taken as an
attack on the justifiability or fruitfulness of these concepts. On the con-
trary, I welcome these investigations as an extension of the science, espe-
cially because they strike a purely arithmetic path to higher infinite num-
bers (powers).

Conclusion

87. 1 hope in this monograph to have made it probable that arithme%ic
laws are analytic judgments, and therefore a priori. According to [hl‘S,
arithmetic would be only a further developed logic, every arithmf:tlc
theorem a logical law, albeit a derived one. The applications of arith-
metic to the explanation of natural phenomena would be logical process-
ing of observed facts; '’ computation would be inference. Numerical laws
will not need, as Baumann (1868-9, 2: 670) contends, a practical confir-
mation in order to be applicable in the external world; for, in the external
world, the totality of space and its contents, there are no concepts, no
properties of concepts, no numbers. Therefore, the numerical laws are

¥Qbservation itself aiready includes a logical activity.
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really not applicable to the external world: they are not laws of nature.
They are, however, applicable to judgments, which are true of things in
the external world: they are laws of the laws of nature. They assert con-
nections not between natural phenomena, but rather between judgments;
and it is to the latter that the laws of nature belong.

88. Kant (1867-8, 3: 39f1) evidently underestimated the value of analytic
judgments - probably as the result of having too narrow a definition of
the concept - although he apparently also had in mind the broader con-
cept used here.” Taking his definition as a basis, the division of judg-
ments into the analytic and the synthetic is not exhaustive. He is thinking
of universal affirmative judgments. In such cases, one can speak of a
concept of the subject and inquire whether the concept of the predicate -
as would result from his definition - js contained in it. How can we do
this, however, when the subject is a single object? Or when the judgment
is existential? In such cases there can be, in Kant’s sense, no talk of a
concept of the subject. Kant seems to have thought of the concept as
determined by subordinate characteristics; that, however, is one of the
least fruitful notions of concept. If one surveys the foregoing definitions,
one will hardly find one of this kind. The same is true of the really fruit-
ful definitions in mathematics, e.g., of the continuity of a function. There

’ M H . .
we don’t have a series of subordinate characteristics but rather a more -

1nt1matg, I'should say more organic, connection between the [elements of
the] definitions. The difference can be illustrated by means of a geometri-
cal analogy, If the concepts (or their extensions) are represented by regions
qf aplane, then the concept defined by means of subordinate characteris-
ncs. corresponds to the region which is the overlap of all the individual
regions corresponding to these characteristics; it is enclosed by parts of
thegr boundgnes. Pictorially speaking, in such a definition, we delimit a
reglqn by usmg in a new way lineg already given. In doing this, however,
nothmg.essentlally new comes out, The more fruitful definitions draw
border lines which had not previously been given. What can be inferred

from them cannot be seen in advance; one does not simply withdraw

again from the box what one has putinto it. These inferences expand our
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definition, but nevertheless follows in a purely logical way from all of
them together.

89. I must also contradict the generality of Kant’s assertion (1867-8, 3:
82) that without sensible perception no object would be given us. Zero
and 1 are objects that cannot be given us sensibly. And those who hold
the smaller numbers to be intuitive will surely have to concede that none
of the numbers greater than 1000100'° ¢an be given them intuitively,
and that we nevertheless know a good deal about them. Perhaps Kant
was using the word ‘object’ in a somewhat different sense; but then zero,
1, and our R disappear completely from his considerations; for, they are
not concepts either, and Kant demands even of concepts that their objects
be appended to them in intuition.

In order not to open myself to the criticism of carrying on a picayune
search for faults in the work of a genius whom we look up to only with
thankful awe, I believe I should also emphasize our areas of agreement,
which are far more extensive than those of our disagreement. To touch
on only the immediate points, I see a great service in Kant’s having dis-
tinguished between synthetic and analytic judgments. In terming geomet-
ric truths synthetic and @ priori, he uncovered their true essence. And this
is still worth repeating today, because it is still often not recognized. 1f
Kant erred with respect to arithmetic, this does not detract essentially, I
think, from his merit. It was important for him that there should be syn-
thetic judgments @ priori; whether they occur only in geometry or also in
arithmetic is of little importance.

90. 1 do not claim to have made the analytic nature of arithmetic theorems
more than probable, because one can always still doubt whether their
proof can be carried out completely from purely logical laws, whether
evidence of another sort has not crept in unnoticed somewhere. This
doubt is also not entirely relieved by the outlines which I have given of
the proofs of a few theorems; it can only be alleviated by an airtig_ht
chain of reasoning, such that no step is made which is not in conformity
with one of a few rules of inference recognized as purely logical. Thus
until now, hardly a single [real] proof has ever been offered, because the
mathematician is satisfied if every transition to a new judgment appears
to him to be correct, without asking whether this appearance is logical or
intuitive. A step in such a proof is often quite complex and ir}volves several
simple inferences, in addition to which intuitive considerations can creep
in. One proceeds in jumps, and from this there arises the irppressmn of
an over-rich variety of rules of inference used in mathematics. For, the
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greater the jumps, the more complex are the combinations of simple
inferences and intuitive axioms which they can represent. Nevertheless,
such a transition often occurs to us directly, without our being conscious
of the intermediate steps, and since it does not present itself as one of the
recognized logical rules of inference, we are immediately ready to con-
sider this manifest transition as an intuitive one and the inferred truth as
a synthetic one, even when the range of its validity extends far beyond
intuition.

Proceeding in this way, it is not possible clearly to separate the syn-
thetic, based on intuition, from the analytic. Nor will it be possible to
compile with completeness and certainty the axioms of intuition needed
to make every mathematical proof capable of proceeding from these
axioms alone, according to logical laws.

91. The requirement of avoiding all jumps in a proof must, therefore, be
imposed. That it is so difficult to satisfy is owing to the tediousness of a
step-by-step procedure. Every proof, which is even slightly involved,
threatens to become enormously long. In addition to this, the superfluity
of logical forms expressed in language makes it difficult to extract a
group of rules of inference sufficient for all cases and yet easy to survey.

In order to minimize the effects of these drawbacks, I have devised my
concept writing. It strives for greater brevity and comprehensibility of
e.xpression and is manipulated in a few standard ways, as in a computa-
tion, so that no transition is permitted which does not conform to rules
set up once for all.”’ No assumption can then slip in unnoticed. I have
thus proved a theorem,* borrowing no axioms from intuition, which one
would consider at first glance to be synthetic and which I shall state here
as follows:

If .the relation of each member of a series to its successor is one-to-one,
an.d if m and y follow x in this series, then y precedes m in this series, or
coincides with it, or follows m,

From this prpof, one can see that theorems which expand our knowl-
edge can contain analytic judgments.?

21t is, however, su
, » Supposed to be abie to express not y ical form of a en
> only the logical fi f a statement
as does the Boolean notation, but also its content. ' ’

22 .
z:’_I.Begr(l'fsschru.'l, 1879, p. 86, Formula 133,
his proof will be found to be stjll much too lengthy

: » for further applicati it would be
recomm . T application, it wo
ended 10 admit more rules of inference. This can be done wiﬂ‘:oul impairing the va-

lidity of the chaj ; A
y chain of reasoning, and an important abbreviation could thereby be achieved.
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[Recapitulation]

106. Let us cast a quick glance backward on the course of our investiga-
tion. After determining that a number was not a collection of things nor
a property of such a collection, nor, furthermore, the subjective product
of mental processes, we decided that a statement of number asserts some-
thing objective about a concept. We defined first the individual numbers
0, 1 etc., and then following in the number series. Our first attempt
failed, because in it we stated the meaning of only whole assertions about
concepts, and not of 0 and 1 separately, although these entered into those
assertions. As a result of this, we could not prove the equality of num-
bers. It was shown that the numbers with which arithmetic concerns itself
must be understood not as dependent attributes, but rather substantiv-
ally.** Thus numbers appeared to us as recognizable objects, although
not physical ones nor even merely spatial ones, nor ones which we could
picture in imagination. We then established the basic theorem: that the
meaning of a word is not to be defined separately, but rather in the con-
text of a statement; only by following this theorem can we, I think, avoid
the physical interpretation of number, without slipping into psychologi-
cal interpretation. There is only one type of statement which must have a
sense for every object; that is the recognition sentences, called equations
in the case of numbers. We saw that statements of number are also to be
interpreted as equations. It became a question, then, of determining the
sense of a numerical equation and of expressing this sense without mak-
ing use of the number-words or the word ‘number’. The possibility of
establishing a one-to-one correspondence between the objects falling
under a concept F and those falling under a concept G was found to be
the content of a recognition judgment about numbers, Our definitipn,
therefore, had to posit that possibility as synonymous with a numerical
equation. We recalled similar instances: the definition of direction from
Parallelism, of shape from similarity, etc.

107. The question then arose: when are we justified in interpreting a con-
tent to be that of a recognition judgment? For this, the condition must be
fulfilled that in every judgment the left side of the tentatively assumed
equation can be replaced by the right, without altering the trutp of the
judgment. Now, at first and without resorting to further definiFlons, no
further assertion about the left or right side of such an equation is known
to us beyond the assertion of their equality. Substitutivity had therefore
to be proved only for equations.

*The difference corresponds to that between ‘blue’ and ‘the color of the sky’.
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A doubit still remained, however. A recognition statement must always
have a sense. If we interpreted the possibility of correlating in one-to-one
fashion the objects falling under the concept F with those falling under
the concept G as an equation, by saying for it: ‘the number which applies
to the concept F is equal to the number which applies to the concept G’
and thereby introducing the expression ‘the number which applies is the
concept F”, then we have a sense for the equation only if both sides have
the form just mentioned. We would not be able to judge according to
such a definition whether an equation only one side of which had this
form was true or false. That caused us to make the following definition:

The number which applies to the concept F is the extension of the
concept ‘‘concept equinumerous with the concept F,”

by which we called a concept F equinumerous with a concept G, if there
exists the possibility of correlating them one-to-one.

In doing this, we presuppose that the sense of the expression ‘extension
of a concept’ is familiar. This method of overcoming the difficulty will
probably not be everywhere applauded, and some will prefer to set aside

this fioubt in another way. I, too, place no decisive weight on the intro-
duction of the extension of a concept.

108. We still had to define one-to-one correspondences; we reduced them
to purely logical terms. After we had outlined the proof of the theorem
that .the number which applies to the concept £ is equal to that which
applies to the concept G, if the concept F is equinumerous with the con-
cept G, we defined 0, the expression 'n immediately follows m in the
series c?f natural numbers’, and the number I, and we showed that |
immediately follows 0 in the series of natural numbers, We presented a
few theorems which could be easily proved at this point and then went

somewhat more deeply into the following, which demonstrates the infin-
ity of the number series:

Every number in the series of

natural i
number, numbers is followed by a

We were thereby led to the concept “‘belonging to the series of natural
numb_ers em.iing with n,”* of which we wanted to show that the number
prqlmng to it immediately follows n in the series of natural numbers. We
erea]lr::.‘:sl e1tiat f}rgt by means qf an object y following an object x in a gen-
o 1€s. The sense of this expression was also reduced to purely logi-

erms. And thereby we succeeded in proving that the rule of inference

f Y e [
orr?em.n ;o (n+1), which is usually considered a peculiarly mathematical
» 18 based on the general logical rules of inference,
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For the proof of the infinity of the number series, we needed the
theorem that no finite number follows itself in the series of natural num-
bers. We thus arrived at the concepts of finite and infinite numbers. We
showed that the latter is basically no less justified logically than is the
former. For the purposes of comparison, we drew upon Cantor’s infinite
numbers and his ““following in a sequence,”’ where we pointed out the
difference in terminology.

109. We thus rendered the analytic and a priori character of arithmetic
truths highly probable, arriving at an improvement on Kant’s point of
view. We saw further what was still lacking in order to elevate that prob-
ability to certainty and we indicated the path that must lead to this.
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